Abstract: Based on the nonrelativistic QCD (NRQCD) factorization formalism, we investigate inclusive productions of two spin-triplet S-wave quarkonia pp → 2J/ψ + X, 2Υ + X, and J/ψ + Υ + X at the CERN Large Hadron Collider. The total production rates integrated over the rapidity (y) and transverse-momentum (p T ) ranges |y| < 2.4 and p T < 50 GeV are predicted to be σ[pp → 2J/ψ + X] = 22 (35) nb, σ[pp → 2Υ + X] = 24 (49) pb, and σ[pp → J/ψ + Υ + X] = 7 (13) pb at the center-of-momentum energy √ s = 7 (14) TeV. In order to provide predictions that can be useful in both small-and large-p T regions, we do not employ the fragmentation approximation and we include the spin-triplet S-wave color-singlet and color-octet channels for each quarkonium final state at leading order in the strong coupling. The p T distributions of pp → 2J/ψ + X and 2Υ + X in the low-p T region are dominated by the color-singlet contributions. At leading order in the strong coupling, the color-singlet channel is absent for pp → J/ψ + Υ + X. Therefore, the process pp → J/ψ + Υ + X may provide a useful probe to the color-octet mechanism of NRQCD.
Introduction
Understanding the heavy-quarkonium production mechanism has been a longstanding problem in QCD, albeit considerable efforts both in theory and experiments. The colorsinglet model [1] [2] [3] [4] [5] is most intuitive, and was the first attempt to describe the data in early days in QCD. This has been implemented as a leading-order (LO) contribution in the nonrelativistic QCD (NRQCD) factorization approach [? ] as v Q → 0, where v Q is half the relative velocity of the heavy quark Q or heavy antiquarkQ in the rest frame of the quarkonium H. Another phenomenological approach is the color-evaporation model [10? ]. Although it is difficult to make the color-evaporation model systematic within QCD, this approach may capture an important point in the heavy-quarkonium production. This is especially the case, because of the general failure of local duality between quarks/gluons and hadrons.
A salient feature of NRQCD is that color-octet contributions can be included in a systematic fashion. The velocity-scaling rules (VSR) of NRQCD scale the numerical value for a long-distance NRQCD matrix element O H n ( 2s+1 L J ) , which accounts for the transition probability of the heavy-quark-antiquark pair QQ n ( 2s+1 L J ) to evolve into the quarkonium H in the asymptotic future, in powers of v Q . Here, s, L, and J are the quantum numbers for the spin, the orbital angular momentum, and the total angular momentum of the QQ pair, respectively, and n = 1 (8) stands for the color-singlet (color-octet) state. In combination with the power counting in the strong coupling constant α s , physical observables can be expanded in double power series in α s and v Q . In particular, in NRQCD the infrared (IR) divergence in the P -wave quarkonium χ Q J decay in the color-singlet model is absorbed by renormalizing the color-octet matrix element O χ Q J 8 ( 3 S 1 ) , resulting in the decay rate free of an IR divergence [11] .
The color-octet mechanism of NRQCD also enabled one to explain the large discrepancy between the data and the color-singlet-model prediction for prompt spin-triplet Swave charmonium production at the Fermilab Tevatron [12] at large transverse momentum (p T ). It was possible by allowing a cc 8 ( 3 S 1 ) pair, that was created from the fragmentation of a virtual gluon, to make a transition into the spin-triplet S-wave quarkonium H. The corresponding matrix element O H 8 ( 3 S 1 ) was determined from the large-p T data. For the lower-p T region, other color-octet contributions cc 8 ( 1 S 0 ) and cc 8 ( 3 P J ) as well as the color-singlet [cc 1 ( 3 S 1 )] channel may also contribute and a linear combination M r of the two matrix elements O H 8 ( 1 S 0 ) and O H 8 ( 3 P J ) was fit to the Tevatron data. The resolution of the large-surplus puzzle of prompt J/ψ at large p T by using the gluon fragmentation into cc 8 ( 3 S 1 ) was followed by the prediction that the polarization of prompt J/ψ must be transversely polarized [13] , which has not been confirmed by the data [14, 15] .
However, the values for the color-octet matrix elements O H 8 ( 3 S 1 ) , O H 8 ( 1 S 0 ) , and O H 8 ( 3 P J ) are known not quite accurately [16] and there are several indications that these three matrix elements fit to the Tevatron data have been overestimated. Considerable higher-order corrections in α s to the color-singlet contribution to the prompt-J/ψ production rate at the Tevatron have been reported although there is still a sizable room for the color-octet contribution, especially at large p T [17, 18] . The nonobservation of strongly transverse polarization of prompt J/ψ also indicates that the value for the matrix element O H 8 ( 3 S 1 ) has been overestimated. This puzzle remains unresolved in spite of recent theoretical improvements [18, 20] . An analysis at next-to-leading-order (NLO) in α s of the inclusive-J/ψ cross section at the B factories [21] showed that the color-singlet contribution agrees with the data measured by the Belle Collaboration [23] within uncertainties. According to this analysis, the upper bound of the color-octet matrix elements O J/ψ 8 ( 1 S 0 ) or O J/ψ 8 ( 3 P 0 ) is much smaller than those determined by other experiments [24] . Recent analyses of inclusive J/ψ photoproduction at NLO accuracies in α s show that the colorsinglet contribution fails to describe various features of the data at HERA [25] and that the color-octet mechanism explains the H1 data in spite of the poor knowledge of the color-octet matrix elements [27] . In summary, there are no conclusive constraints on the color-octet matrix elements, and it is still controversial if the color-octet mechanism makes a substantial contribution to the inclusive production of a quarkonium. It would be highly desirable to identify some processes which depend only on a very few color-octet matrix elements so that one can derive strong phenomenological constraints.
Since the observation of exclusive double-quarkonium final states by the Belle Collaboration [28], production of double-quarkonium states in e + e − collisions has lead remarkable progress in understanding the interplay of relativistic corrections and NLO corrections in α s [29? ? ? ? ]. The study has recently been extended to hadroproduction like the inclusive productions of double J/ψ's, double Υ's 1 , and a B ( * ) cB ( * ) c pair at the Tevatron and the CERN Large Hadron Collider (LHC) [44] [45] [46] . For the double-J/ψ production at LO in α s , the color-singlet contribution dominates over the color-octet one at p T 8 GeV [45] . On the contrary, in the case of the double-Υ production, the color-octet contribution dominates over the whole range of p T [45] . These predictions may be useful to study the color-octet mechanism in quarkonium production. In refs. [45, 46] , the authors employed the gluonfragmentation approximation in order to estimate the color-octet contribution. Although the approximation may give a reliable prediction at large p T , it should lose its predictive power at low values of p T .
In this work, we study inclusive productions of spin-triplet S-wave heavy-quarkonium pairs at the LHC in pp collisions at the center-of-momentum (CM) energies √ s = 7 and 14 TeV. The final states considered are double J/ψ's, double Υ's, and J/ψ + Υ. The analysis is carried out at LO in v Q and in α s without employing the gluon-fragmentation approximation. This may allow us to provide a more reliable predictions for the production rates in the intermediate p T region, where the production rate is large in comparison with the large-p T region. The J/ψ + Υ final state has a special feature that the color-singlet contribution is absent at LO in α s . Hence this process might be a clean probe to color-octet mechanism. Conversely, if J/ψ + Υ events are not observed at the proposed level, it may lower the current upper bounds for the color-octet matrix elements significantly. This paper is organized as follows. In section 2, we describe basic strategies to compute the inclusive cross sections for pp → 2J/ψ + X, 2Υ + X, and J/ψ + Υ + X. We list various input parameters in section 3 and our predictions are given in section 4. We conclude in section 5 and provide relevant parton-level cross-section formulas in the appendix.
Inclusive double-quarkonium production
The NRQCD factorization formula for the differential cross section dσ of inclusive doublequarkonium production in proton-proton collisions, pp → H 1 (p 1 ) + H 2 (p 2 ) + X, has the following schematic form:
where p i is the momentum of the quarkonium H i , f a/p (x a , µ) is the parton distribution function (PDF) for the parton a with the longitudinal momentum fraction x a with respect to the proton, µ is the factorization scale, the symbol ⊗ indicates the convolution over the partons' longitudinal momentum fractions x a and x b , and the summation is over all possible combinations of partons a and b. The parton-level differential cross section dσ[ab → Q
2 ] is the short-distance coefficient, which is perturbatively calculable in powers of α s . Here, Q n i i ≡ QQ n ( 2s+1 L J ) denotes the i-th QQ pair with the momentum p i and with the spectroscopic index n i , which evolves asymptotically into H i . The dependence of the longdistance nature of the heavy quarkonium H i is factored into the NRQCD matrix element O H i n i . The expression (2.1) is a power series in α s , v c , and v b . At LO in α s , only gg fusion andannihilation contribute to the parton processes ab → Q n 1 1 + Q n 2 2 if both Q 1 and Q 2 are of the same flavor. The processes with the initial partons ab, ba = gq and gq are missing at this order. At the CM energies √ s = 7 and 14 TeV of the LHC, one probes the small-x region of the PDF, where the gluon contribution dominates over the quark contents. Therefore, we ignore the parton processes initiated from qq, gq, and gq states and consider only the gg initial states in this work.
Inclusive identical spin-triplet S-wave quarkonium pair production
Let us first consider inclusive identical spin-triplet S-wave quarkonium pair production pp → 2H + X, where H is J/ψ or Υ. In this case, the LO parton process is of order α 4 s . As is stated earlier in this section, we consider only the two-gluon initial states among various parton processes. The corresponding Feynman diagrams are classified into two groups: one is the nonfragmentation contribution, whose typical diagrams are shown in figure 1 , and the other is the gluon-fragmentation contribution shown in figure 2 . The sum of the two sets of diagrams can only make a gauge-invariant amplitude. In the limit that the invariant mass of Q i vanishes, the set of fragmentation diagrams approaches a gauge-invariant subset.
According to VSR, the leading spectroscopic states of Q n 1 1 and Q n 2 2 in the velocity expansion for H = J/ψ or Υ production are both QQ 1 ( 3 S 1 ) unless there is any enhancement factor for other spectroscopic states to compensate the power suppression compared to this color-singlet contribution. For the nonfragmentation diagrams in figure 1 , the leading contribution must be the color-singlet channel QQ 1 ( 3 S 1 ) + QQ 1 ( 3 S 1 ). In the case of the gluon-fragmentation contribution QQ 8 ( 3 S 1 )+QQ 8 ( 3 S 1 ) in figure 2 , the large kinematic enhancement factor for the color-octet spin-triplet S-wave [QQ 8 ( 3 S 1 )] contribution, which is suppressed by a relative order v 8 Q compared to the color-singlet contribution, actually overcomes the suppression factor in the large-p T region. Here, Q = c (b) for H = J/ψ (Υ). However, such enhancement factors do not appear in the mixed channels QQ 8 ( 3 S 1 ) + QQ 1 ( 3 S 1 ) and QQ 1 ( 3 S 1 )+QQ 8 ( 3 S 1 ) that are suppressed by v 4 Q compared to the color-singlet channel. There are two other color-octet contributions, the spin-singlet S-wave [QQ 8 ( 1 S 0 )] and the spin-triplet P -wave [QQ 8 ( 3 P J )], where J = 0, 1, and 2, which are suppressed by v 3 Q and v 4 Q , respectively, compared to the color-singlet contribution. Nevertheless, we ignore these two contributions because they do not have any large enhancement factor to compete with either
In summary, the contributions to the identical-quarkonium pair production that we consider in this work are QQ 1 ( 3 S 1 ) + QQ 1 ( 3 S 1 ) and QQ 8 ( 3 S 1 ) + QQ 8 ( 3 S 1 ). There are 31 Feynman diagrams that contribute to the color-singlet channel gg → QQ 1 ( 3 S 1 )+QQ 1 ( 3 S 1 ) whose typical diagrams are shown in figure 1. For the color-octet channels gg → QQ 8 ( 3 S 1 )+ QQ 8 ( 3 S 1 ), there are 72 Feynman diagrams, some of which are shown in figures 1 and 2.
The differential cross section in eq. (2.1) is applicable to both pp → 2J/ψ+X and pp → 2Υ + X if we substitute Q = c and b in the short-distance coefficients and H = J/ψ and Υ in the NRQCD matrix elements, respectively. In the range where p T is not sufficiently large, the nonfragmentation contributions in figure 1 are not suppressed. Therefore, we compute the parton cross sections dσ[ab → Q
2 ] for the relevant channels including all types of diagrams shown in figures 1 and 2. The parton-level cross sections for the color-singlet contributions are given in refs. [45, 46] and we have reproduced the results explicitly. The expression for the parton-level cross section for the color-octet channel gg → QQ 8 ( 3 S 1 ) + QQ 8 ( 3 S 1 ) is given in appendix A. In the large-p T region, the coloroctet gluon-fragmentation diagrams in figure 2 dominate and they can be computed by employing the fragmentation approximation of the gluon that fragments into a QQ 8 ( 3 S 1 ) pair. In refs. [45, 46] , such an approximation has been used to compute the cross section for the double-quarkonium production at large p T . In these references the parton cross sections for the real-gluon final states ab → gg are convolved with the gluon-fragmentation function. In this work, we do not employ the fragmentation approximation and compute the complete set of order-α 4 s Feynman diagrams for QQ 1 ( 3 S 1 ) + QQ 1 ( 3 S 1 ) and QQ 8 ( 3 S 1 ) + QQ 8 ( 3 S 1 ) channels. Therefore, our calculations provide predictions for these processes which can be compared with p T spectra in a wider range of p T including the small p T region. Further inclusion of the order-α 4 s color-octet channels that we have ignored in this work may improve the predictions in the intermediate-p T region, not modifying low-and large-p T spectra significantly. This requires extensive calculations of formidably many Feynman diagrams and is beyond the scope of this work. 
J/ψ + Υ production
Next we consider the inclusive double-quarkonium production with different flavors, pp → J/ψ + Υ + X. Like the case of the same flavor, order-α 4 s diagrams are leading in powers of α s . Typical Feynman diagrams for the gluon-initiated parton processes gg → Q
are given in figure 3 , where Q
2 ) stands for the cc (bb) pair. At this order, the color-singlet channel cc 1 ( 3 S 1 ) + bb 1 ( 3 S 1 ) is absent.
Color-octet contributions
We first consider the color-octet contribution cc 8 ( 3 S 1 ) + bb 8 ( 3 S 1 ), whose "velocity-scaling factor" V = v 4 c v 4 b . There are 36 Feynman diagrams that contribute to this channel and we show typical ones in figure 3 . At large p T the double-fragmentation contribution in figure 3 (a) dominates the cross section because of the large kinematic enhancement. Here, double fragmentation denotes that both cc and bb pairs are produced via gluon fragmentation. Figure 3 
The last color-octet contributions we can consider are the channels 
at large p T . Therefore, we ignore these channels, too.
In summary, all of the channels that we consider for the process pp → J/ψ + Υ + X in this work are
, and cc 1 ( 3 S 1 ) + bb 8 ( 3 S 1 ). The parton-level differential cross sections for these processes are given in appendix B.
Color-singlet contributions
As shown in figure 4 , the LO color-singlet contribution to pp → J/ψ + Υ + X is of order α 6 s and is suppressed compared to the color-octet contribution by α 2 s . The corresponding parton processes consist of 3 types: Type A, which is shown in figure 4 (a), is gg → cc 1 ( 3 S 1 ) + bb 1 ( 3 S 1 ) + gg, where the initial gluons are attached to the charm-and bottomquark lines one by one, a single virtual gluon connects the two quark lines, and each quark line emits a single real gluon. Type B is, again, gg → cc 1 ( 3 S 1 ) + bb 1 ( 3 S 1 ) + gg, where both initial gluons are attached to a single quark line, the other quark line emits two real gluons, and a virtual gluon connects the two quark lines. A Feynman diagram for Type B is shown in figure 4 (b) and the two types A and B interfere at the amplitude level. Type C, which is shown in figure 4 (c), is gg → cc 1 ( 3 S 1 ) + bb 1 ( 3 S 1 ), where the initial gluons are attached to the charm-and bottom-quark lines one by one and two virtual gluons connect the two quark lines simultaneously.
If we consider the powers in α s only, then this color-singlet contribution must be suppressed compared to the color-octet processes listed in section 2.2.1. To assure that this argument is valid, we can make a rough estimate of the color-singlet contribution to the inclusive J/ψ + Υ production rate at hadron colliders.
We first classify the scaling behavior of the amplitude for the double-fragmentation diagram shown in figure 3 (a) . The propagator for the exchanged gluon has the scaling 1/p 2 T . The gluon propagators attached to the cc and bb pairs are of order 1/m 2 J/ψ and 1/m 2 Υ , respectively. The scaling of the product of the two triple-gluon vertices must be the square of the typical momentum squared p 2 T . Therefore, the resultant relative scaling of the double-fragmentation process is
, where we have included the VSR suppression factor V = v 4 c v 4 b . In the case of Type A, there are four heavy-quark propagators and one gluon propagator which have large momentum transfer that account for the scaling factor 1/p 6 T . The phase space for the Q 1 + Q 2 + gg final state enhances the scaling factor by an order of p 4 T in comparison with that for the two-body final state Q 1 + Q 2 of the double-fragmentation process. As a result, the scaling factor for Type A is 1/p 8 T . In a similar manner, we find that the scaling factor for Type B is the same as that of Type A. In Types A and B, there are two extra hard jets in the final states, and we have to include the coupling and the phase-space suppression factor ∼ g 2 s /(4π) 2 = α s /(4π) for each hard gluons. In addition, the color-octet contribution, which does not have hard jets, is distinguished from these color-singlet contributions that can simply be removed by imposing an appropriate veto. Type C diagrams involve finite box diagrams with two virtual gluons whose momentum must be of order the typical momentum transfer p T . A rough estimate of the scaling can be found by substituting a typical momentum transfer p T to the two gluon propagators, four heavy-quark propagators, and the measure of the loop momentum. Furthermore, the one-loop amplitude has an additional suppression factor of g 2 s /(4π) 2 = α s /(4π). Therefore, the suppression factor for the color-singlet contribution relative to the color-octet doublefragmentation process is
where we have included the strong-coupling suppression factor α 2 s to the color-singlet contribution. Therefore one can argue that the color-singlet contributions to pp → J/ψ+Υ+X will be suppressed enough compared to the color-octet ones.
However, if p T is small, then the factors p T in this scaling should be of order m H and, therefore, the suppression factors for the color-singlet contribution relative to the mixed contributions cc 1 ( 3 S 1 ) + bb 8 ( 3 S 1 ) and cc 8 
] in the small p T region. These factors are much less than order 1 if we assume v 2 c ∼ 0.3 and v 2 b ∼ 0.1 and we use the renormalization scale of order m b . Thus we may conclude that the color-singlet contribution is suppressed compared to the color-octet contribution coming from the mixed channels even in the small p T region. This rough estimate might fail as p T approaches to zero. Then, our prediction for the cc 8 ( 3 S 1 )+bb 8 ( 3 S 1 ) contribution may be contaminated by order-α 6 s color-singlet contribution at small p T . The problem can be resolved by introducing a lower p T cut p T 5 GeV, where the double fragmentation rises up. The suppression of the color-singlet contribution to pp → J/ψ + Υ + X even in moderate values of p T has not yet been predicted, because previous analyses with the fragmentation approximation are valid only for the large-p T region. In addition, the color-singlet contribution is easily distinguishable by imposing a veto that the final state must not include hard jets. This is the main motivation for investigating pp → J/ψ + Υ + X in this work as a clean probe to the color-octet mechanism at the LHC. This point has been recently reported in ref. [47] .
Gluon-fragmentation approximation
In inclusive single-hadron production in pp collisions, a further factorization happens if p T is sufficiently large [48] . In the case of the 3 S 1 heavy-quarkonium production, the fragmentation of a gluon into a QQ 8 ( 3 S 1 ) pair dominates the production rate at large p T [12] . If the two quarkonia produced in pp → H 1 + H 2 + X both have large transverse momenta, then one can guess that such a factorization can be generalized so that one might be able to write the inclusive double-quarkonium production cross section in the form:
where the subscript in dσ f indicates the fragmentation approximation, dσ[gg → gg] is the parton-level cross section for gg → gg, and D g→H (z, µ f ) is the fragmentation function for a gluon to fragment into a QQ 8 ( 3 S 1 ) pair that evolves asymptotically into the heavy quarkonium H = J/ψ or Υ. Here, z is the longitudinal momentum fraction of H relative to the fragmenting gluon and µ f is the factorization scale for the fragmentation. An educated guess is that the factorization scale µ fi for the fragmentation of a gluon into the quarkonium H i can be chosen to be of order the transverse mass
, where m i and p T i are the mass and the transverse momentum of H i , respectively.
At the threshold µ f = 2m Q , D g→H (z, µ f = 2m Q ) is calculable perturbatively after factoring out the NRQCD matrix element O H 8 ( 3 S 1 ) . The fragmentation function of a gluon that fragments into the 3 S 1 quarkonium via QQ 8 ( 3 S 1 ) pair is known up to NLO in α s at the threshold [49, 50] . The expression at LO in α s is given by [? ]
In order to take into account multiple emissions of collinear gluons before creating a QQ pair, it is necessary to evaluate the fragmentation function at the factorization scale µ f ∼ p T ≫ m Q . This step can be carried out by making use of the Altarelli-Parisi evolution equation [51] [52] [53] . Very recently, Qiao, Sun, and Sun [46] considered the inclusive process pp → 2J/ψ + X and Li, Zhang, and Chao [45] carried out extensive studies of various double-quarkonium production processes that include pp → 2J/ψ + X and 2Υ + X, where the gluon-gluon initial states were mainly considered as are in this work. While the color-single contribution was computed by using the same way that we employ here, the authors of these papers used the gluon-fragmentation approximation to estimate the color-octet contributions to pp → 2J/ψ + X [45, 46] and 2Υ + X [45] 2 . However, in refs. [45, 46] the fragmentation function D g→H (z, µ f ) was not evaluated at µ f ∼ p T but at µ f = 2m Q . In fact, in order to make the fragmentation approximation valid, the fragmenting gluon has energies of order p T ≫ m Q where the strong coupling is significantly smaller. Therefore, one may guess that the predictions given in refs. [45, 46] must have been overestimated. On the other hand, once we employ the gluon-fragmentation approximation to compute the color-octet contributions, the prediction cannot be extended to a lower p T region, where the octet contribution acquires IR divergences. At small p T , the fragmentation contribution loses its predictive power. Therefore, the predictions in refs. [45, 46] do not extend to lower values of p T . Thus, our choice of not employing the gluon-fragmentation approximation in this work enables us to predict the p T spectrum to a wider range whose lower bound extends to p T = 0.
QED contribution
As another color-singlet contribution to the double-quarkonium production at hadron colliders, one may consider the parton-level process→ QQ 1 ( 3 S 1 )+QQ 1 ( 3 S 1 ) . This subprocess may acquire a large kinematic enhancement factor due to the double photon fragmentation,→ γ * γ * followed by γ * → QQ 1 ( 3 S 1 ) for each virtual photon. As the double-J/ψ production in e + e − annihilation into two virtual photons, this process has additional logarithmic enhancement in the forward region [? ] . However, in hadroproduction, it is very difficult to analyze that kinematic region. In addition, the rough estimate of this QED contribution to the double-gluon-fragmentation contribution is ∼ e 4 q e 2 c e 2
) with the electromagnetic coupling α and electric charges e q , e c , and e b of the initial, charm, and bottom quark, respectively, which is negligible numerically. This qq-initiated QED contribution is further suppressed compared to the gluon-initiated processes. Therefore, we do not consider the QED contribution in this work.
Numerical Analysis
Based on the formalism described in section 2, we are ready to carry out the numerical calculation of the production rates for the double-quarkonium production processes pp → 2J/ψ + X, 2Υ + X, and J/ψ + Υ + X at the LHC with the CM energies √ s = 7 and 14 TeV.
In this section, we describe our choice of various input parameters and the strategies of the numerical evaluation of these cross sections.
Parameters involving NRQCD factorization
In order to evaluate the production rates in eq. (2.1), we have to know the values for the long-distance NRQCD matrix elements O H n ( 3 S 1 ) for H = J/ψ and Υ, where n = 1 or 8. The color-singlet matrix element O 1 ( 3 S 1 ) H for the spin-triplet S-wave heavy quarkonium decay is usually determined from the leptonic decay rate of H, which is the most precisely measured value involving O n ( 3 S 1 ) H 3 . Under the vacuum-saturation approximation, the decay matrix element is approximately a third of the production matrix element up to
, where the factor of 3 on the right side of the equality stands for the spin-multiplicity factor (2J + 1) for the Swave spin-triplet state. We quote the following values for the color-singlet NRQCD matrix elements for J/ψ and Υ:
The color-octet matrix element O J/ψ 8 ( 3 S 1 ) has been fit to the p T spectrum of prompt J/ψ production rate at the Tevatron in the large-p T region [13] . The matrix element O Υ 8 ( 3 S 1 ) has also been fit [61] to the Tevatron data and used for the polarization analysis [62] . Various determinations of these matrix elements can be found, for example, in ref. [63] . We employ the following values for the 3 S 1 color-octet NRQCD matrix elements for J/ψ and Υ:
The short-distance coefficient, which is the parton-level differential cross section dσ in eq. (2.1), depends on the heavy-quark mass m Q and the strong coupling α s . For m Q , we take m c = 1.5 GeV for the charm quark and m b = 4.7 GeV for the bottom quark. In the NRQCD factorization formula, the short-distance coefficients are expressed in terms of m Q instead of the meson mass m H . This may give rise to relativistic corrections due to the difference between m H and 2m Q at higher orders in v Q . However, because we carry out our calculation at LO in v Q , we can ignore such corrections and put m H = 2m Q in our analysis.
Other input parameters
In addition to the NRQCD factorization, the cross section formula (2.1) involves the factorization of the long-distance PDF's, f a/p and f b/p , and the short-distance parton-level cross section dσ with the factorization scale µ. For the scale µ, we take the transverse mass µ = m T = (4m 2 Q + p 2 T ) 1/2 , which is a conventional choice 4 . In general, the transverse momenta for the two heavy quarkonia in the final state can be different. However, at LO in α s , there are no additional hard jets and the two final-state quarkonium pairs have the same p T and, therefore, p T and m T are defined unambiguously. As a specific choice of the PDF in eq. (2.1), we employ the CTEQ6L parametrization [64] .
In evaluating α s , we set the renormalization scale to be m T so that α s = α s (µ = m T ). In order to make our numerical evaluation of α s consistent with the CTEQ6L parametrization, we use the NLO formula for the running coupling constant α s (µ) by setting α s (µ = M Z ) = 0.118 with Λ 4 = 326 MeV [64] .
The kinematic region that we study in this work covers the rapidity range |y| < 2.4. Our results for the color-octet contributions are finite as well as the color-singlet contribution at p T = 0, since we do not adopt the gluon-fragmentation approximation. Therefore, we set the lower bound of p T to be 0 that is distinguished from the previous studies in refs. [45, 46] , where they considered the range 3 GeV < p T < 50 GeV.
Predictions
In this section, we provide our predictions of the differential cross sections for the doublequarkonium productions pp → 2J/ψ + X, 2Υ + X, and J/ψ + Υ + X at CM energies √ s = 7 and 14 TeV. Detailed strategies and the values for the input parameters for the numerical analysis have been given in sections 2 and 3, respectively.
4.1 dσ/dp T for pp → 2J/ψ + X and 2Υ + X Our predictions for the p T dependence of the differential cross sections dσ/dp T [pp → 2J/ψ+ X] at √ s = 7 and 14 TeV integrated over the rapidity range |y| < 2.4 are shown as solid curves in figures 5 (a) and (b), respectively, and those for dσ/dp T [pp → 2Υ + X] are shown in figure 6 . As is stated in section 2.1, we have considered only order-α 4 s gluon-initiated parton processes: the color-singlet contribution through gg → QQ 1 ( 3 S 1 ) + QQ 1 ( 3 S 1 ) and the color-octet contribution gg → QQ 8 ( 3 S 1 ) + QQ 8 ( 3 S 1 ) for these identical-quarkonium pair productions.
As far as the shape is concerned, the p T spectra at the two CM energies √ s = 7 and 14 TeV are essentially the same. The ratio of the value at √ s = 14 TeV to that at √ s = 7 TeV is about a factor of 1.5 (2) for pp → 2J/ψ + X (2Υ + X) near the peak, where the color-singlet contribution dominates. As p T increases, the ratio increases and the gluon-fragmentation contribution dominates. The p T spectra in figures 5 and 6 show that the color-singlet channel dominates at small p T while the color-octet channel dominates at that the values at p T = 0 vanish:
The reason is that, at order α 4 s v 0 Q , all of the diagrams we consider in this work do not contain any real gluons in the final state and both color-singlet and -octet contributions are free of IR divergences 5 . In the low-p T region, the differential cross sections increase as p T increases until they reach the maximum values dσ/dp T [pp → 2J/ψ + X] = 11.2 (17.3) nb/GeV at p T = 1.1 GeV and dσ/dp T [pp → 2Υ + X] = 4.1 (8.0) pb/GeV at p T = 3 GeV for √ s = 7 (14) TeV. (14) TeV. Because the differential cross section is dominated by the color-singlet channel near the peak, the total cross section is dominated by the color-singlet contribution.
(a) (b) Figure 7 . The differential cross sections for pp → J/ψ +Υ+X at (a) √ s = 7 TeV and (b) 14 TeV in units of pb/GeV as functions of p T integrated over the rapidity range |y| < 2.4. The solid, dashed, dashed-dotted, and dotted curves represent the total, cc 1 (
, and
4.2 dσ/dp T for pp → J/ψ + Υ + X
The predictions for dσ/dp T [pp → J/ψ + Υ + X] at √ s = 7 TeV and 14 TeV integrated over the rapidity range |y| < 2.4 are shown as solid curves in figures 7 (a) and (b), respectively. In this process, we consider the following order-α 4 s contributions: the color-octet channel gg → cc 8 ( 3 S 1 ) + bb 8 ( 3 S 1 ) and the two mixed channels gg → cc 1 ( 3 S 1 ) + bb 8 ( 3 S 1 ) and gg → cc 8 ( 3 S 1 ) + bb 1 ( 3 S 1 ). The reason for neglecting the color-singlet contribution and the remaining color-octet channels is given in section 2.2.
The p T spectrum for pp → J/ψ+Υ+X is similar to those of pp → 2J/ψ+X and 2Υ+X. The differential cross section vanishes at p T = 0 and rapidly increases until it reaches the maximum value dσ/dp T [pp → J/ψ + Υ + X] = 1.6 (2.9) pb/GeV at p T = 1.6 (1.5) GeV for √ s = 7 (14) TeV. Then it monotonically decays as p T increases. Near p T = 0, the cc 1 ( 3 S 1 ) + bb 8 ( 3 S 1 ) channel dominates and that is the largest contribution for p T 4 GeV. At large p T , the color-octet channel cc 8 ( 3 S 1 ) + bb 8 ( 3 S 1 ) dominates and the channel is the largest contribution for p T 6 GeV. In the remaining region, about 4 GeV p T 6 GeV, the color-octet channel cc 8 ( 3 S 1 ) + bb 8 ( 3 S 1 ) and the two mixed channels cc 1 ( 3 S 1 ) + bb 8 ( 3 S 1 ) and cc 8 ( 3 S 1 ) + bb 1 ( 3 S 1 ) compete together. Table 3 . The total cross sections σ[pp → J/ψ + Υ + X] at √ s = 7 and 14 TeV integrated over the ranges |y| < 2.4 and p T < 50 GeV in units of pb. The four columns represent the cc 1 (
, and total contributions.
We compute the total cross section σ[pp → J/ψ + Υ + X] by integrating eq. (2.1) over the ranges |y| < 2.4 and p T < 50 GeV. As shown in table 3, the total cross section at √ s = 7 (14) TeV is σ[pp → J/ψ + Υ + X] = 6.8 (13) pb. The total cross section for pp → J/ψ + Υ + X without any p T cut is smaller than those for 2J/ψ and 2Υ final states by factors of ∼ 3000 and ∼ 4, respectively. We notice that most of the rates for the 2J/ψ and 2Υ cases are concentrated in the low p T regions, where the color-singlet contribution dominates. In order to probe the color-octet contribution more accurately, we had better impose a lower p T cut to remove most of the color-singlet contribution. The cut for the 2J/ψ or 2Υ case should be around the place where the QQ 8 ( 3 S 1 ) + QQ 8 ( 3 S 1 ) contribution overtakes the QQ 1 ( 3 S 1 ) + QQ 1 ( 3 S 1 ) contribution. According to figures 5 and 6, the cuts p T 16 and 24 GeV are appropriate for 2J/ψ and 2Υ final states, respectively. In those cases, σ[pp → 2J/ψ + X]| p T 16 GeV = 0.09 (0.2) pb, σ[pp → 2Υ + X]| p T 24 GeV = 0.02 (0.05) pb, respectively, at √ s = 7 (14) TeV. As is described in section 2.2, the whole cross section σ[pp → J/ψ+Υ+X] = 6.8 (13) pb depends on the color-octet matrix elements and there is no need to impose an additional p T cut to remove the color-singlet contribution. Therefore, we conclude that the pp → J/ψ + Υ + X channel is the most sensitive to the color-octet matrix elements among the three double-quarkonium final states.
Comparison with previous calculations
We compare our predictions in sections 4.1 and 4.2 with previous calculations [45, 46] based on the gluon-fragmentation approximation. We find that our prediction is distinguished from the previous calculations in the shape of the p T spectrum and these previous calculations severely overestimate the rates all over the range of p T .
First of all, while our p T spectra in figures 5-7 have maximum values around p T ≈ 2, 4-5, and 2-3 GeV for pp → 2J/ψ +X, 2Υ+X, and J/ψ +Υ+X, respectively, the previous predictions in refs. [45, 46] do not have these peaks. The values of p T at which the peaks appear are of order m J/ψ for pp → 2J/ψ + X and pp → J/ψ + Υ + X and of order m Υ for pp → 2Υ + X. This is the region where the fusion contributions are important. Neglecting fusion diagrams in the fragmentation approximation cannot reproduce the correct shape of p T spectrum at transverse momenta less than a few m H .
In addition, those previous predictions based on the gluon-fragmentation approximation overestimate the rates all over the p T range. At small p T , the fragmentation approximation must break down and, therefore, the approximation severely overestimate the rate in this region. The approximation actually diverges as p T → 0 while our prediction vanishes in that limit. In fact, the fragmentation approximation must be a good approximation if p T is sufficiently large. At large p T , the predictions in refs. [45, 46] , again, severely overestimate the rate. The reason is that in these references the authors fixed the factorization scale for the gluon fragmentation to be µ f = 2m Q , which leads to large cross sections in comparison with our predictions given in figures 5 and 6 in which we use conventional choice µ f = m T .
We can compare our results for the double-quarkonium production of the same flavor, pp → 2J/ψ + X and pp → 2Υ + X with those for the single-quarkonium production associated with a heavy-quark pair with the same flavor, pp → J/ψ + cc + X and pp → Υ + bb + X [69] . In both cases, the color-octet contributions are of the same order in α s as those for the color-singlet channels. Therefore, if there are no kinematic enhancement factors such as fragmentation, then the color-octet contributions must be suppressed. The results shown in figures 5 and 6 are consistent with this expectation that the color-singlet contribution dominates over the color-octet contribution unless p T is extremely large. Comparing our results for the production rate with those in ref. [69] which contains only the color-singlet contribution, we find that the production rate for the single-quarkonium production associated with a heavy-quark pair with the same flavor at the LHC is by about a factor of 10 3 larger than that for the double-quarkonium production at the LHC, where we have taken into account the decay of each heavy-quarkonium into a muon pair. Such a suppression should be due to the restrictions in the phase space and the bound-state formation. However, the double-quarkonium production has clear signals, while the singlequarkonium production associated with an open heavy-quark pair may suffer from large backgrounds.
Discussions
Based on the NRQCD factorization formalism, we have obtained the p T spectra and the total cross sections for pp → 2J/ψ + X, 2Υ + X, and J/ψ + Υ + X at CM energies √ s = 7 TeV and 14 TeV. The total production rates integrated over the rapidity and transversemomentum ranges |y| < 2. For the double-quarkonium production of the same flavor, pp → 2J/ψ + X and 2Υ + X, production rates are dominated by the color-singlet contribution at low p T . In order to probe the color-octet contribution, which dominates at large p T , more accurately we have imposed lower p T cuts where the color-octet contribution overtakes the color-singlet one The results indicate that it is very difficult to study the color-octet mechanism by making use of the processes pp → 2J/ψ + X and pp → 2Υ + X at the LHC. In the case of pp → J/ψ + Υ + X, the color-singlet channel is absent at LO in α s , and is highly suppressed relative to the color-octet contributions [ see eq. (2) , and 160 events can be observed by tagging muon pairs under the cuts p T ≥ 0, 5, and 10 GeV, respectively, at the LHC. Improving the acceptances for J/ψ and Υ by extensive Monte Carlo studies of final-muon pairs, one may expect that the observation of the events and the determination of the matrix elements can be quite promising in the near future. The number of events may be increased by a factor of 4 if one includes the e + e − decay modes of J/ψ and Υ. It may also be improved by including the subprocess→ H 1 + H 2 via two-gluon exchanges that is neglected in this work. It is well known that, in inclusive single-quarkonium production in hadron collisions, there are large corrections at NLO in α s . For example, the NLO corrections to the colorsinglet contribution to the inclusive J/ψ production enhance the rate by an order of magnitude [17, 18, 71] especially at large p T . Therefore, one can worry that NLO corrections in α s may spoil the LO prediction for the p T spectra presented in this work. In inclusive single-quarkonium production, NLO subprocesses include gg → J/ψ + gg, gg → J/ψ + qq, gq(q) → J/ψ + qg(q), and gg → J/ψ + cc. Although there is a large enhancement from t-channel gluon-exchange diagrams, it is also true that each of new diagrams has significant contributions, piling up the corrections to modify the rate by an order of magnitude. In the case of double-quarkonium production of the same flavor, new NLO subprocesses include t-channel gluon-exchange diagrams such as gg → 2H + g and gq(q) → 2H + q(q), where H = J/ψ or Υ. But the number of new channels are quite limited compared to the single-quarkonium production case. Therefore, we expect that the NLO corrections to the color-singlet contribution to the double-quarkonium production of the same flavor may enhance the rate significantly, but not as dramatically as the single-quarkonium production, while observation of the color-octet mechanism might be significantly affected. This argument should be tested by a forthcoming quantitative analysis of the NLO corrections to the color-singlet and color-octet contributions.
In the case of J/ψ + Υ production, the suppression factor of the color-singlet channel to the color-octet one is α 2 s /p 8 T which is significantly smaller than the corresponding factor 1/p 4 T for the single-quarkonium production, in which the color-singlet and color-octet contributions are of the same order (α 3 s ) at LO. We anticipate that our arguments can be tested quantitatively by measurements and by explicit calculations of complete order-α 6 s contributions to the color-singlet channel in near future.
A Parton-level cross section for gg → QQ 8 (
In this appendix, we present the parton-level differential cross sections for pp → 2J/ψ + X and pp → 2Υ + X. We first define the Mandelstam variables for the parton-level process
, where the momentum for each state is given in the parentheses following the state and QQ n 1 and Q ′Q′ n 2 evolve into the quarkonium states H 1 and H 2 , respectively. Each state is on its mass shell so that
At LO in v Q and v Q ′ , the meson masses are set to be m H 1 = 2m Q and
The Mandelstam variablesŝ,t, and u are defined byŝ
In pp → 2H + X for H = J/ψ or Υ we consider the two channels gg → QQ 1 ( 3 S 1 ) + QQ 1 ( 3 S 1 ) and gg → QQ 8 ( 3 S 1 ) + QQ 8 ( 3 S 1 ), where Q = c (b) for H = J/ψ (Υ). The parton-level cross sections for gg → QQ 1 ( 3 S 1 ) + QQ 1 ( 3 S 1 ) can be found in refs. [45, 46] . That for the subprocess gg → QQ 8
where m H = 2m Q and the coefficients a j 's are given by B Parton-level cross sections for gg → cc n 1 ( 3 S 1 ) + bb n 2 ( 3 S 1 )
In this appendix, we present the parton-level differential cross sections for pp → H 1 +H 2 +X for H 1 = J/ψ and H 2 = Υ. In pp → J/ψ + Υ + X we consider the three channels gg → cc 8 where c ji 's are defined in eq. (B.5) and
(B.7)
